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Let h(G) be the largest number of edges of the graph G. no two of which are contained in 
the same clique. For G without isolated vertices it is proved lhat if h(G)~5, then z(G)~h(G), 
but if h(G)=6 then Z(d) can be arbitrarily large. 

1. Introduction and notations 

The minimal number of cliques which cover all edges of a graph G, denoted 
by cc(G), equals the minimal cardinality of such a set S that G is the intersection 
graph of some system of subsets of S [3, 5]. The natural lower bound for cc(G) is 
the magnitude h(G) - -  the largest number I such that there exists a subset of edges 
E ' =  {el, e~ . . . . .  el} of the graph G possessing the property : 

(I) Any clique in G contains no more than one edge from E'. 

Parthasaraty and Choudum [6] conjectured that for any graph G without iso- 
lated vertices holds 

(2) Z(C,)<_-h(a), 

where G is the complement of the graph G and z(G) is its chromatic number. Brigham 
and Dutton [1] proved that (2) is valid for graphs G with h(G)<=2. Erd6s [2] proved 
that (2) is false for almost all graphs with n vertices and, moreover, for every su~- 
ciently large t and n (t->t0, n~no(t))  there exists a graph G,,, with n vertices having 
the following properties: 

[ (i) h(G,,)  ~ t, 
/ 

(3) ~(ii) Z(G,,,) > n% where c, does not depend on n, 

/(iii) G,.t has no isolated vertices. 

In the same paper Erdbs asked: 
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1) What is the maximal t~ such that for any graph G without isolated vertices 
with h(G)~_q (2)holds2 

2) Find the least to, for which (3) is valid, and the best values lbr ct. 
The goal of the present paper is to prove that q=5, to:6 and %>-1/15. 
It is interesting that for graphs G without isolated vertices from h(G)=5 

there follows (2), and if h(G)=6 then 7.((J) can be arbitrarily large. 
We shall use the following notations. If G=(V, E) then G=(V, E) is the 

complement of the graph G, g(G) is the girth of the graph G, Nc(v)= 
= {wEV"...{v}l(v, w)EE}, s~(O=]N~(v)]. 

A subset E '  of the graph's edges, satisfying (i), is called a sparse set. 

2. The lower bound for t~ 

Proposition 1. / f  Z (G) --_-= 6 and G has no isolated vertices then Z (G) ~ h (6). 

Proof. Let G=(V, E) be the least counterexample to the proposition, G=(V, E'). 
Then 

(4) 6 ~ z(G) ~ h(G)+l.  

It is obvious that iVt~4. Let (v,u)EE. Since G has no isolated vertices 
then there exist w, zEV such that {(w, v), (u, z)}cF. Consequently, h(G)->=2 and 
z(G)~3. 

Next we obtain some properties of the graph G. 

(A) Forany wEV thesubgraphofthegraph G, generatedby N~(w), isnot complete. 

Proof of  (A), Assume the contrary. Choose a vertex vl with the minimal degree in 
C~ among the vertices w for which the subgraph of the graph C, on Ne (w) is complete. 
Consider GI=G\Ne,(vl). Let just the vertices of the set Vl={vl,z,2, ...,v~} be 
isolated in G1. If v~EV~ and i>1 then, due to the choice ofv~, we have NG(vi)= 
=Na(vx). Put Crz=Cra\Va, By construction, G2 has no isolated vertices. Since the 
mbgraph of G on vertices N~(va) is complete then z(G~)>=x(G)-IVa!=x(G)-t. 
By the inductive assumption z(G2)<=h(Gz). Let {~ . . . . .  ~} be a sparse set in G2 
and l=h(C,2). Since C, has no isolated vertices then one can choose for i--- 1, 2 . . . . .  t 
the edge ~t+~EE incident to v~. Since V1 is an independent set in G then the edges 
C't+~ and ~t+j for i # j  do not belong to the same clique. Finally, for any l<=s<=l 
both ends of C,~ are not incident in G to vertices from V~. Consequently, h(G)~ 
>=l+t=h(G.,)+t>=(z(G)-t)+t=z(G), which contradicts to (4). I 

(B) G is colour-critical. 

Proof  of  (B). Let vE V. Consider G\v .  According to (A), there are no vertices of 
degree 1 in G. So, 6 \ v  has no isolated vertices and, due to inductive assumption, 
z(GN.v)~h(G\v). But h(G\v)~h(G)<z(G). | 

(C) There are no 3-cycles in G. 
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Proof of (C). Suppose that (v~, vz, v3) is a 3-cycle in G. According to (A), for every 
iE{1, 2, 3} there exists such an edge (w~, u~)EE such that {wi, u;}cN~(v3. Then 
the set {(v,.,w3, (v,, u31i=l,  2, 3} is sparse. Consequently, h(G)~6.  But 
z (G)~6 .  II 

(D) I f  (u, v)EE then there exists a vertex wE V such that (u, w)6E, (v, w)~E. 

Proof of (D). If  N~(u)=NG(v) then x(G',,u)=z(G), which contradicts to (B). II 

(E) For any chain (vj, z'z . . . . .  v~) of  length 5 #1 G 

(5) {(ca, vs), (rl ,  c,), (to, v,), (rz, vs)}OE # 0. 

Proof of (E). We show that if for some chain (Vl, v., . . . . .  v6) condition (5) does not 
hold then h (G)~6  contrary to (4). According to (C), (vl, V~)~E, (va, ve)¢E. Ac- 
cording to (D), there exists a rTEV such that (v6,vv)EE, (va,v7)¢E. Since 
{v3, va}cNa(v4), b" 1 , V2(~ Na(v~) then vT~ {v~, v z . . . . .  re}. Similarly, there is such a 
vertex r8~ {vl, v~ . . . . .  v6} that (Vl,V~)~_E, (v~, vs)~E (perhaps, vT=v8). Then the 
set {(v~, v~), (v~, v~), (v.,, vs), (v2, vn), (v~, v8), (va, vT)} is sparse (see Fig. l). Conse- 
quently, h(G)~6. II 

From (E) immediately follows 

(F) Every k-cycle in G for k >=7 has a chord. | 

(I-I) 7.(G)=6. 

VS F6 

v z v~ 

Fig. 1 

Proof of (H). Since x(G)_>-3 then in G there is an odd cycle without chord. Accord- 
ing to (C) and (F), this is a 5-cycle (Wl, w2, w3, w4, w5). But then {(wj, w~+~)[i= 
= 1, 2, 3, 4, 5} (addition modulo 5) is a sparse set in E and h(G)~5.  According to 
(4), 5+I=<z(G)~6 .  II 

Completion of the proof of Proposition 1. Let (vl, v2)EE, Vx=NG(vl), V2=NG(v2), 
Go = G\(V~ tO V~). According to (C), V1 and Vz are independent sets. Consequently, 
/. (G) :~ Z (Go) + 2. So, in view of (H), x(G0)>=4 and in G o there is an odd cycle 
C = ( x l ,  x., . . . . .  xo,+a) (t_->2). Consider the shortest chain (ul, uz . . . . .  uk) connecting 
in G the cycle C with {va,v2}. One can assume that ul=xl ,  Uk=V 1. Since 
CA(V~UV2)=O then k>=3 and (ro,ui)EE(l'~_i<=k-l). Then any segment of  
length 5 of  the chain (x3, x2, Ul, u2 . . . . .  uk, v2) contradicts to the Claim (E). II 
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3. Sparse sets in complements of graphs with girth 8 

It is easy to prove by induction 

Lemma 1. / f  G =  (V, E), tEl ~ IV[ ÷ 1, then 
"3 

g(G) ~ 3 ( [ V l + l  ). II 

Lemma2. Let Go=(Vo, Eo), Iv01=10 amt ~={~,=(vl , ,ve3[i=l ,2 ,3 ,4 ,5}  be 
a sparse matching in Go. Then either G O is a lO-cycle, or g(G0)_<- 7. 

Since the statement of Lemma 2 is a very special fact, we only sketch the proot: 
Suppose that the lemma is wrong for Go. 

1. Since ~ is a sparse matching the sets {vll, r2i} and {rlj, vzj } for i # j  are 
connected in Go by at least one edge. Consequently, for every 1 :<i~5 

(6) sc;o(vti)+ S~o(V21) ~ 4 
and 1Eo] ~ I0. 

2. If [Eo[~ll then, by Lemma I, g(Go)~7. Consequently, IEo]=10, and 
in all the relations of (6) equality holds. 

3. If for some vertex vc.V o sc, o(v)=0 then the graph Go\v has 9 vertices 
and I0 edges. Then, by to Lemma I, g(Go\,v)<=6 holds. So, for every vertex rC. Vo 
we have I ~sao(v)~3. 

4. If Go is a 2-remalar graph and not a 10-cycle then g(Go)~5. 

5. Let sao(vl0=l ,  (vn,zq2)CEo. Then s~o(v~_0=3 and (e.ox,vj2)~Eo. 
Put G~=(V~,EO=Go\{vn,v,o.}. If Soo(Vl,)~2 then we have tV11=8, !ExI~8. 
Besides, s~(ro.a)=3. Consequently, g(G~)<:7. 

6. Thus, s~o(v12)=3, Sao(V22)= 1. Let G.,=(V~,E.,)=Go\{V11, v~2}. Then 
]V.21=8, IE~[=8 and Sc,_~(v2a)=3. Consequently, g(G2)<=7. 1 

Proposition 2. I f  g(G)>=8, then h(G)_<-6. 

Proof. Let G=(V,  E), G=(V, E'). Suppose that in (~ there is a sparse set of edges 
E '=  {~a . . . .  , eT}. Denote by H a spanning subgraph of the graph G, generated by/~' .  
Let us investigate the properties of H. Their combination will disprove the existence 
of H. 

(!). Degrees in H do not exceed 2. 

Proof of (I). Suppose that the vertex v o of H is incident with three edges 
~l=(Vo, v 0, C'2=(vo,v2) and C'~=(vo, v3) of E'. Since E" is sparse, then {(v~, vo_). 
(rz, va), (v:~, z'~)}cE which contradicts to the condition g(G)->_8. II 

(I1). Eveo: maximal matching in H contains at most 4 edges. 

Proof of (II). Suppose that in H there is a matching with edges ~ ,  ~ . . . . .  ~ where 
~=(va~, v.,i) ( i= 1,2 . . . . .  5). Denote by Go : (V  0, Eo) an induced subgraph of  G 

5 

on the set V0= [J {v~,v~}. Due to Lemma 2, Go~-C~o. Let 0~=(v~,vo~). 
i = 1  
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Case 1. {v16, v2~} (q V0= 0. Since E'  is sparse then {vlG, v26} is connected with 
11o by at least 5 edges. Consequently, either vlG or vz6 is adjacent to at least 3 vertices 
of Go'~Clo. But then g(G)~5 .  

Case 2. v26~ V o, v~6=v n.  Due to Lemma 2, an induced subgraph of the 
graph G on the set (V0\{v,1})U {v26} is also isomorphic to C10. But then v~6 is adja- 
cent to the same vertices of V 0 as v11. That is, there is a 4-cycle in G. 

Case 3. V 1 6 = • l l ,  V 2 6 = 7 : 1 2  , Then {(z'11 ,,'~2), (7"~.l,vl~.)}cEo and IE0[~ !1. 
Contradiction to kcmma 2. II 

(liD. In H there are no k-cTcles for  k ~ 4. 

Proof  of 0AI). By definition, there are no 3-cycles in H. Since {E'I=7 then in H 
there are no k-cycles for k =>8. If  in H there is a cycle (t'l, v2 . . . . .  vk) then (vi, v~+ 2)~E 
for all 1 <=i~k. That is, for 5-<_k~ 7 in G there is a cycle on these k vertices. II 

(IV). I f  h~ H there are two chains o f  length 2, (vl, v~, z'3) and (7"4, vs, r6) (vi~vj  ./or 
i#.j) and (e~,z~5)~E, then 

a) the sets {vl, v2, r.~} and {v4, ~'~, c6} are connected in G by exactly three 
edges, 

b) these three edges form a matchhTg. 

Proof of (IV). Let the conditions of (IV) be satisfied. Then {(vl, v3), (va, v6)}cE. 
Since there are no 3-cycles in G, then 7,~ cannot be adjacent with 7,~ and v 6 simulta- 
neously. 

Case 1. (vz, v4)¢E, (vz, v6)~E. Since there are no 3-cycles in G then ]{(vs, v~), 
(v.~,v3)}~El<_=l. Let, for definiteness, (v~,vs)ffE. Then, for (~,a,v~)Ei~' to be 
adjacent in G with (v4,vs)~E' and (vs,vn)EE', it is necessary that [va,v.~)EE 
and (v~, v~)EE. That is, in G there is a 3-cycle (va, v4, v,). Consequently, Case 1 is 
impossible. 

Case 2. (v~, v4)EE, (cz, ve)¢E. Due to the symmetry of the chains (v~, v~, c3) 
and (v4, v~, v~) and the impossibility of Case 1, 7"~ is adjacent with either v~ or v~. 
Let (v~,v~)~E. Then (v3, vO~E. Since (vz,vs)~L'" must be adjacent with 
(v~, ve)~E" in G then (v..~, v~)~E. | 

Ol). There are no 4-o,cles h~ H. 

Proof  of (V). Suppose that in H there is a cycle (va, v2, ~,.~, v4) where Oi = (vi ci+ ~)~ E" 
(i= 1, 2, 3, 4). Then (va, v,~)~E, (v,, v4)~E. 

If  the set (g~,ee,~7) is a matching then in H there is a matching 
~ ,  ~ ,  ~a, en, e7, which contradicts (II). 

Let O.~=(v~, v6), g'~=(v~, vT). Then (c~, CT)~_E. Applying (IV) to lhe chains 
(vl, v~, vs) and (v~, c,, v7), we obtain that v~ is adjacent in G with at least one of the 
vertices {v~, re, vz}. Let, for definiteness, (v~, va)~E. Then (v~, vs)(~E. If we apply 
(IV) to the chains (v2, v3, va) and (Vs, v~, 7'7) then the sets {v2, v~, va) and q v~, v~, c7} 
are connected by 3 edges. So, on the whole we have at least 7 edges on {v~. 

. . . . .  | 
(VI). In H there are no three independent chains o f  length 2. 
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Proof of (VI). Suppose that in H there are three nonintersecting chains (va, v-o, va), 
(v.~, v 5, vG) and (vT, rs, v9). Then {(q, va), ( q ,  v6), (v7, v9)}cE. Since in G there are 
no 3-cycles, then at least one of the edges (v.,, v~), (vs, vs), (vs, v.,) does not belong to E. 
Let (v~,ra)¢E. According to (IV), the sets V~={v~,v-o,va} and Vz={v4,v~,vn} 
are connected in G by three edges exactly. If  {(v-o, vs), (v~, vs)}cE then there are 
seven edges on 7 vertices V, IJV2U {vs}. Let (v o, Vs)¢E. Then Vx is joined to 
Va= {vT, v~, v9} in G, due to (IV), by exactly 3 edges. Since V~ is connected with 
Va by at least one edge, then on 9 vertices I11U V~0 Va we have at least 10 edges of G 
and, due to Lemma 1, in G there is a cycle of  length ~6.  I 

(VII). The length o f  any chain in H is at most 5. 

Proof of (VII). Suppose that in Hthere  is a chain (v 1, r., . . . . .  v0. Then E0= {(v~, va), 
(vo., q),  (Ca, cs), (v4, v6), (v~, vv)}cE. Since in G there is no 3-cycle (v-o, q ,  v6) then 
(v-o, ce),¢ E. Applying (IV) to the chains (q ,  v~, va) and (v~, v6, vv), we obtain that in 
G the sets {q,  v2, ~;a} and {v 5, vn, r7} are connected by at least two edges which do not 
belong to E 0. Thus, on 7 vertices r~, v., . . . . .  v7 in G there are ~ 7 edges, l 

(VIII). I f  in H there is a chab~ o f  length 4 then there is no chah7 o f  length 2 which is 
diajoint with it. 

Proof of (VIII). Suppose that in H there are disjoint 
(c6, rT, Cs). Then {(vl, ~,a), (c2, v4), (v.a, r~), (r~, v~)}cE. 
3-cycles, then z'7 is adja0mt in G neither to r., nor to v4. 

chains ( q ,  r-o . . . . .  v~) and 
Since in G there are no 

Case 1. (vT, v-o)~E, (VT, v.~)¢E. Applying (IV) to pairs of chains (vl, v-o, va), 
(c,, c7, c8) and (v a, v4, vs), (v6, Vv, vs), we obtain that r2 is adjacent to either v6 or v 8, 
and ~'4 is adjacent to either v~ or rs. That is, in G there is a cycle of the length =<4. 

Case 2. (v:, c-o)EE, 0:7, c4)g,E. Applying (IV) to 
(c,;, c7, vs), we obtain that {Va, v.a, v.~} and {re, vT, vs} are 
three edges. Consequently, in the subgraph of the graph G 
there are at least 7 edges. I 

the chains (v a, v4, Vs) and 
connected in G by exactly 
on the vertices z'2, va, ..., v~ 

Completion of the proof of Proposition 2. What can H be, satisfying 
properties (1)--(VIII)? According to (1), (liD, (V), only chains can be connectedness 
components of H. According to (I1) their number does not exceed 4. 

Consider all possible cases (k (H) is the number of connectedness components 
of H). 

Case 1. k ( H ) = 4 .  Due to (1I) the length of every chain does not exceed two. 
Consequently, the only possible collection of chain lengths is 2, 2, 2, I. But it is also 
impossible ill view of (VI). 

Case 2. k ( H ) = 3 .  According to (VI) at least one of the chains has length 1. 
So, possible collections of chain lengths are : a) 5, 1, I : b) 4, 2, 1 ; c) 3, 3, 1. But a) 
and c) contradict (II), and the subcase b) contradicts (VIII). 

Case 3. k ( H ) = 2 .  Possible collections of chain lengths are: a) 6, 1; b) 5, 2, 
c) 4, 3. The subcase a) contradicts (VII), and b) and c) contradict (VIII). 
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Case 4. k ( H ) =  1. This is impossible in view of (VII). I 

Remark 1. If G~-CT, then h(Cr)=7. 

Remark 2. Similar to the proof of Proposition 2, one can show that if g(G)->6 
then h(¢~)<=7. There exists a graph Go such that g(G0)=5 and h(G0)=8. 

4. The upper bound for to 

We remind the known result 

Theorem 3 (Erflgs [41).~If I and rl are f i x e d  and 0 < r / <  1/(2l), then f o r  sufficiently 
large n there is an n-ver tex  graph G containing no cycles o f  length l and with 
z(6) >-_n". I 

From Proposition 2 and Theorem 3 we obtain at once 

Proposition 4. c6>1/15. I 

Thus, if h(Cr)-<_5, then z(G)~h(G). But if h(G)=6 then x(G) can be arbit- 
rarily large. 

Remark 3. From the validity of  Remark 2 and from Theorem 3 it easily follows that 
c7>1/11.  The bound for c7 seems to be improvable. Bounds for c, at t=>7 can be 
obtained combining the ideas of  Section 3 and the probabilistic methods. 

I wish to thank the referee for useful remarks. 
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