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Let /1(G) be the largest number of edges of the graph G. no two of which are contained in
the same clique. For G without isolated vertices it is proved that if A(G)=5, then x(G)=h(G),
but if A(G)=6 then x(G) can be arbitrarily large.

1. Introduction and notations

The minimal number of cliques which cover all edges of a graph G, denoted
by ¢c(G), equals the minimal cardinality of such a set S that G is the intersection
graph of some system of subsets of S [3, 5]. The natural lower bound for ¢c(G) is
the magnitude h(G) — the largest number / such that there exists a subset of edges
E'={e,,e,,...,e} of the graph G possessing the property:

(1)  Anv clique in G contains no more than one edge from E’.

Parthasaraty and Choudum {6] conjectured that for any graph G without iso-
lated vertices holds

(2 x(G)=h(G),

where G is the complement of the graph G and y(G) is its chromatic number. Brigham
and Dutton [1] proved that (2) is valid for graphs G with h(G)=2. Erdds [2] proved
that (2) is false for almost all graphs with » vertices and, moreover, for every suffi-
ciently large rand n (r=1,, n=ny(t)) there exists a graph G, , with n vertices having
the following properties:

) hG, ) =1
3 Gi) x(G, ) = n“, where ¢, does not depend on #,
(iii) G, , has no isolated vertices.

In the same paper ErdGs asked:
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230 A. V. KOSTOCHK A

1) What is the maximal #, such that for any graph G without isolated vertices
with h{(G)=1, (2) holds?

2) Find the least #,, for which (3) 1s valid, and the best values for c,.

The goal of the present paper is to prove that 7,=35, 7,=6 and c¢=>1/15.

It is interesting that for graphs G without isolated vertices from h(G)=3
there follows (2), and if h(G)=6 then y(G) can be arbitrarily large.

We shall use the following notations. If G=(V, E) then G=(V, E) is the
complement of the graph G, g(G) is the girth of the graph G, Ng(v)=
= {WE V\{L})(lv W)EE}s SG(L‘): ]NG(z)l

A subset E’ of the graph’s edges, satisfying (1), is called a sparse set.

2. The lower bound for ¢,

Proposition 1. If 3 (G)=6 and G has no isolated vertices then y(G)=h(G).

Proof. Let G=(V,E) be the least counterexample to the proposition, G=(V, E).
Then

)] 6 = y(G) = h(G)+1.

It is obvious that [V|=4. Let (v,u)€E. Since G has no isolated vertices
then there exist w, z€ V" such that {(w, ), (u, z)}< E. Consequently, h(G)=2 and
x(G)=3.

Next we obtain some properties of the graph G.
(A)  Forany weV the subgraph of the graph G, generated by Ng(w), is not complete.

Proof of (A). Assume the contrary. Choose a vertex v, with the minimal degree in
G among the vertices w for which the subgraph of the graph G on Ng(w) is complete.
Consider G;=G\ Ng(v,). Let just the vertices of the set V,={v;,2,,...,v,} be
isolated in G,. If v;€V, and i=>1 then, due to the choice of v,, we have Nz(»)=
=Ng(v,). Put G,=G,\V,. By construction, G, has no isolated vertices. Since the
subgraph of G on vertices Ng(v;) is complete then x(G)=x(G)— |V, |=x(G)—1.
By the inductive assumption y(G,)=h(G,). Let {&,,...,&} be a sparse set in G,
and /=h(G,). Since G has no isolated vertices then one can choose for i=1,2, ..., ¢
the edge &,.,€E incident to »;. Since ¥, is an independent set in G then the edges
é; and g, ; for i>j do not belong to the same clique. Finally, for any 1=s=I
both ends of &, are not incident in G to vertices from V,. Consequently, #(G)=
=/+t=h(Gy)+1=(x(G)—1)+t=x(G), which contradicts to (4). I

(B) G is colour-critical.

Proof of (B). Let v¢¥. Consider G\v. According to (A), there are no vertices of
degree 1 in G. So, G\ has no isolated vertices and, due to inductive assumption,

1 (G\2)=h(G\7). But h({G\)=h(G)=yx(G). 1
{C) There are no 3-cycles in G.
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Proof of (C). Suppose that (¥, vy, v3) is a 3-cycle in G. According to (A), for every
i€{1,2,3} there exists such an edge (w;,%,)€E such that {w;,u;}CNg(v;). Then
the set {(v;, w), (v;, u)li=1,2,3} is sparse. Consequently, h(G)=6. But
2(G)=6. |
(D)  If (u,v)§E then there exists a vertex weV such that (u, wyE, (¢, w}{ E.
Proof of (D). If N;(u)c Ng(») then y(G\u)=y(G), which contradicts to (B). |
(E)  For any chain (v,, vy, ..., v) of length 5 in G
) {(v1, 05)s (V1 26), (2, V), (v, 25)}VE # 0.
Proof of (E). We show that if for some chain (v,, v,, ..., v¢) condition (5) does not
hold then A(G)=6 contrary to (4). According to (C), (v, v)¢E, (v4,v6)4E. Ac-
cording to (D), there exists a €V such that (vg,v)€E, (v,,v,)§E. Since
{vs, 25} NG (vy), ¢y, 558 Ng(vs) then v,4{v,,v,,...,2}. Similarly, there is such a
vertex o4 {vy, ¥s, ..., g} that (v, 2)€E, (v4.25)§ E (perhaps, v,=vg). Then the
set {(vy, vs), (215 vg), (0s, U5), (s, ¥6), (Va, Va), (24, 17)} 1s sparse (see Fig. 1). Conse-
quently, h(G)=6.

From (E) immediately follows
(F)  Every k-cycle in G for k=7 has a chord. |}

H) x(G)=6.

Fig. 1

Proof of (H). Since y(G)=3 then in G there is an odd cycle without chord. Accord-
g to (C) and (F), this is a 5-cycle (wy, wy, wy, wy, ws). But then  {(w;, w;0)li=
=1,2,3,4,5} (addition modulo 5) is a sparse set in E and h(G)=5. According to
{4), 5+1=y(G)=6. ||

Completion of the proof of Proposition 1. Let (v, 2,)EE, V,=Ng(v1), Va=Ng(v,),
G,=G\(V,UV,). According to (C), ¥, and V, are independent sets. Consequently,
2(G)=7(Gy)+2. So, in view of (H), x(G,)=4 and in G, there is an odd cycle
C=(X], X3, ey Xopu1) (#=2). Consider the shortest chain (u;, %, ..., 4;) connecting
n G the cycle C with {z,,2,}. One can assume that wu,=x;, #,=v,. Since
CNW,UV,)=0 then k=3 and (v,,u)§E(l1=i=k—1). Then any segment of
length 5 of the chain (x5, x5, 4;, s, ..., U, ¥5) contradicts to the Claim (E). J
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3. Sparse sets in complements of graphs with girth 8

It 15 easy to prove by induction

Lemma 1. /f G=(V.E), |[Ei=|V|+1, then

2
2@ =W+ i

Lemma 2. Let Go=(Vy, Eg), [Vo|=10 and 7={g;=(vy,vy)|i=1,2,3,4,5} be
a sparse matching in G,. Then either Gy is a 10-cycle, or g(Gy)=17.

Since the statement of Lemma 2 1s a very special fact, we only sketch the proof.
Suppose that the lemma is wrong for G,.

]. Since 7 is a sparse matching the sets {vy;, vy} and {e,;, vy;} for i/ are
connected in G, by at least one edge. Consequently, for every 1=/=5
(6) 5(;0(7-‘11')‘*‘560 (v) = 4
and |Ey|=10.

2. If |Ey|=11 then, by Lemma 1, g(G,)=7. Consequently, |E,|=10, and
in all the relations of (6) equality holds.

3. If for some vertex v€V, s5 (¢¥)=0 then the graph Gy\v has 9 vertices
and 10 edges. Then, by to Lemma 1, g(G,\v)=6 holds. So, for every vertex v€V/,
we have 1:=s5q (v)=3.

4. If G, 1s a 2-regular graph and not a 10-cycle then g(G,)=5.

5. Let sg(r1)=1, (vu.v1)€E,. Then s56,(vy)=3 and (ve,v;2)¢ Ey.
Put G,=(V,, E))=G\{r11> v1o). If 56,(¢1,)=2 then we have [V,|=8, |E[=8.
Besides, sg,(r5;)=3. Consequently, g(G,)=7.

6. Thus, s5,(v10)=3, S5,(22)=1. Let G,=(V,, E;)=G\{r11, v} Then
V=28, |E|=8 and sg5,(vy,)=3. Consequently, g(Gp)=7. |
Proposition 2. /f g(G)=8. then h(G)=6.

Proof. Let G=(V, E), G=(V, E). Suppose that in G there is a sparse set of edges
E'={e,, ..., &,}. Denote by H a spanning subgraph of the graph G, generated by E’.
Let us investigate the properties of A. Their combination will disprove the existence
of H.

(1). Degrees in H do not exceed 2.

Proof of (I). Suppose that the vertex @, of H is incident with three edges
e,=(vg, 1), &=(¥y,7,) and e&;=(ry,v4) of E’. Since E’ is sparse, then {(v,, v,).
(22, 0y), (3, v)}CE which contradicts to the condition g(G)=8. |

(I1). Every maximal matching in H contains at most 4 edges.

Proof of (II). Suppose that in A there is a matching with edges é,, é,, ..., &; where
é;=(vy,vy) ((=1,2,..,5). Denote by G,=(¥,, E;) an induced subgraph of G

5
on the set Vo= ) {vy;, vy}. Due to Lemma 2, Gy==C,,. Let &={(2g, toy).
i=1
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Case 1. {vy, vy} (VVy=0. Since E’ is sparse then {rys, ¢4} is connected with
V, by at least 5 edges. Consequently, either v, or ©, is adjacent to at least 3 vertices
of Gy=C,. But then g(G)=5.

Case 2. vy48Vy,v54=71;. Due to Lemma 2, an induced subgraph of the
graph G on the set (¥y\{v5,})U {va6} is also isomorphic to Cyo. But then vy, is adja-
cent to the same vertices of ¥ as vy,. That is, there is a 4-cycle in G.

Case 3. vyg=vyy, Vag=0y5. Then {(v11,220), (To1, 1)} CE, and |Eg|=11.
Contradiction to Lemma 2. |

(IIY). In H there are no k-cycles for k4.

Proof of (II). By definition, there are no 3-cycles in #. Since |E’|=7 then in H
there are no k-cycles for k=8. Ifin H thereisacycle (vy, 2, ..., &) then (v;,v;,5)€E
forall 1=i=k. Thatis, for 5=k=7 in G there is a cycle on these k vertices. JJ

(V). [fin H there are two chains of length 2, (vy, vz, v5) and (4, 5, ve) (0;70; for
i#]) and (ve,v;)4 E, then

a) the sets {vy, vy, 05} and {ug, v5, v} are connected in G by exactly three
edges,

b) these three edges form a matching.

Proof of (IV). Let the conditions of (IV) be satisfied. Then {(z;, zs), (¥4, Ue)} T E.
Since there are no 3-cycles in G, then v, cannot be adjacent with v, and z4 simulta-
neously.

Case 1. (v2,v4)4 E, (¥4, v)4 E. Since there are no 3-cycles in G then [{(v;, v),
(v5,v3)}NE|=1. Let, for definiteness, (v,,v5)§E. Then, for (v;,2,)¢Ll” to be
adjacent in G with (v4,v5)€E’ and (zs5,26)€E’, it is necessary that (vy,2,)€E
and (zy,vg)€E. That is, in G there 1s a 3-cycle (v, vy, vy). Consequently, Case 1 is
impossible.

Case 2. (vq,r,)EE, (v, vg)¢ E. Due to the symmetry of the chains (v, v,, v5)
and (24, v;, 25) and the impossibility of Case i, 5 is adjacent with either v, or ;.
Let (v,2;)€E. Then (25,v5)¢E. Since (vy,73)€E” must be adjacent with
(v5,76)€E’ in G then (vy,v6)€E. |}

(V). There are no 4-cycles in H.

Proof of (V). Suppose that in # there is a cycle (v, s, 4, v,) Where &=(v; v;,,)EE’
(i=1,2,3,4). Then (vy,v,)€E, (vs,v,)€E.

If the set (&;,2¢,€;) 1s a matching then in A there is a matching
¢,, 83, &;, &, &;, which contradicts (II).

Let é;=(v;, ), €=(vg,v;). Then (v, r;)EE. Applying (IV) to the chains
(v, 23, vg) and (vs, v4, ¢,), We obtain that »¢ is adjacent in G with at least one of the
vertices {v,, ¥y, v3}. Let, for definiteness, (vq,v;)€E. Then (v, v5)¢ E. If we apply
(IV) to the chains (v,, v5, vy) and (v3, vg, v7) then the sets {v,, vy, 2y) and {v;, vg, 05}
are connected by 3 edges. So, on the whole we have at least 7 edges on {v,.
I8 T |

(V). In H there are no three independent chains of length 2.
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Proof of (VI). Suppose that in A there are three nonintersecting chains (v, vy, vy),
(vs, 95, vg) and (v;, vy, v9). Then {(vy, v3), (¥4, ve), (¥, vy)}CE. Since in G there are
no 3-cycles, then at least one of the edges (v,, v3), (v5, v3), (¥4, ) does not belong to E.
Let (v5.v5)¢ E. According to (IV), the sets Vy={v,,vs, 03} and Vo= {vy, v, vg}
are connected in G by three edges exactly. If {(v,, v3), (¥5, vs)}E then there are
seven edges on 7 vertices V,UV,U{¥s}. Let (v,,v9)¢ E. Then ¥, is joined to
Vy={v;, 05,09} in G, due to (IV), by exactly 3 edges. Since V, is connected with
V. by at least one edge, then on 9 vertices ¥, UV,U¥, we have at least 10 edges of G
and, due to Lemma 1, in G there is a cycle of length =6. |}

(VII). The length of any chain in H is at most 5.

Proof of (VII). Suppose that in A there is a chain (v, v,, ..., ¥;). Then E,={(2,, v3),
(22, 24)s (¥4, ¥5), (¥4, g), (5, 7))} E. Since in G there is no 3-cycle (v,, ¢4, v6) then
(v, vg)é E. Applying (IV) to the chains (vy, v,, v5) and (¥, vg, v;), We obtain that in
G the sets {r,, vy, vy} and {v;, vg, v,} are connected by at least two edges which do not
belong to E,. Thus, on 7 vertices vy, 2,, ..., %7 in G there are =7 edges. ||

(VILD). If in H there is a chain of length 4 then there lS‘ no chain of length 2 which is
disjoint with it.

Proof of (VIII). Suppose that in A there are disjoint chains (vy,2,, ..., ;) and
(vg. 27, 0). Then {(vy, 1), (2, 24), (3, 05), (e, v)}CE. Since in G there are no
3-cycles, then v, is adjacent in G neither to r, nor to »,.

Case 1. (v;,v)4 E, (v;,v4)4 E. Applying (IV) 1o pairs of chains (v, 23, v3),
(v, 7, ) and (vg, vy, v5), (vg, v, vg), we obtain that v, is adjacent to either ¢4 or v,
and v, is adjacent to either v, or vy. That is, in G there is a cycle of the length =4.

Case 2. (v,,v)EE, (v;, 0,06 E. Applying (IV) to the chains (v, ¥4, ¥5) and
(v, v, 1), we obtain that {vs, vy, ;) and {vg, 2, 24} are connected in G by exactly
three edges. Consequently, in the subgraph of the graph G on the vertices v,, v5, ..., U4
there are at least 7 edges. ||

Completion of the proof of Propoesition 2. What can H be, satistying
properties (1)—(VIII)? According to (1), (11I), (V), only chains can be connectedness
components of H. According to (I1) their number does not exceed 4.

) Consider all possible cases (k(H) is the number of connectedness components
of H).

Case I. k(H)=4. Due to (1I) the length of every chain does not exceed two.
Consequently, the only possible collection of chain lengths is 2, 2, 2, 1. But it is also
impossible in view of (VI).

Case 2. k(H)=3. According to (V1) at least one of the chains has length 1.
So, possible collections of chain lengths are: a) 5,1,1: b)4,2,1;¢) 3,3, 1. But a)
and ¢) contradict (II), and the subcase b) contradicts (VIII).

Case 3. k(H)=2. Possible collections of chain lengths are: a) 6,1; b) 5, 2;
c) 4, 3. The subcase a) contradicts (VII), and b) and ¢) contradict (VIII).
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Case 4. k(H)=1. This is impossible in view of (VII). [|
Remark 1. If G=C,, then h(G)=7.

Remark 2. Similar to the proof of Proposition 2, one can show that if g(G)=6
then h(G)=7. There exists a graph G, such that g(G,)=5 and h(G,)=38.

4, The upper bound for #,

‘We remind the known result

Theorem 3 (Erdds [4]).YIf ] and n are fixed and 0<n<1/(2l), then for sufficiently
large n there is an n-vertex graph G containing no cycles of length 1 and with
x(@=n".

From Proposition 2 and Theorem 3 we obtain at once
Proposition 4. c¢;>1/15. |

Thus, if #(G)=5, then x(G)=h(G). Butif h(G)=6 then x(G) can be arbit-
rarily large.

Remark 3. From the validity of Remark 2 and from Theorem 3 it easily follows that
¢;>1/11. The bound for ¢, seems to be improvable. Bounds for ¢, at ¢=7 can be
obtained combining the ideas of Section 3 and the probabilistic methods.

I wish to thank the referee for useful remarks.
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